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PREFACE

There are many physical systems whose action can be
controlled and whose performance is to be optimized in some sense.
The study of the means of attaining the desired optimum behavior
of a system constitutes a basic problem in optimization theory.
Often the action of a system may be constrained by certain physical
limitations. 1In this investigation the problem of optimizing the
performance of a constrained system is examined. Only systems
described by a set of first order ordinary differential equations,
and physical limitations which can be represented by algebraic
inequalities are discussed.
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CHAPTER 1

INTRODUCTION

Many dynamical systems of engineering interest are
described by a set of first order ordinary differential equations
whose solutions must satisfy specified initial and terminal
conditions. An example of such a dynamical system is the
trajectory of a missile which is required to intercept a moving
target. The process of optimizing the motion of a dynamical
system consists of the selection of certain input variables which
appear in the derivative functions, in such a way that the
performance of the given system is optimal in some sense. The
input variables are known as control variables. The optimization
problem can be restated in terms of the minimization of some
quantity (usually referred to as the performance index) subject
to (1) the satisfaction of a set of differential equations which
describe the dynamical system, (2) specified conditions which the
system must satisfy at the initial and terminal times, and (3)
any additional conditions which may be imposed. The third point
is important because physical limitations on the motion of the
dynamical system may be included as additional conditions for the
problem. An example 1s the limited thrust magnitude on a
varlable-thrust rocket. 1In this work, only one type of
formulation of a physical limitation is considered—the inequality
constraint. There are many different physical limitations on the

motion of a dynamical system that can be represented by inequality

'._l



constraints [6,9,15,35,37,38]. Included in these is the bounded
thrust magnitude of a variable~thrust rocket.

Optimization problems with inequality constraints have
been the subject of extensive theoretical studies involving the
analysis of general problems by the techniques of the Calculus of
Variations and Optimal Control Theory, [2,3,21,22,23,24,43,46,48].
The earliest work on this topic, Valentine [48], treated the
Problem of Lagrange with inequality constraints from the viewpoint
of the Calculus of Variations. In the book by Pontryagin et al.
[43], the Maximum Principle of Optimal Control Theory was used.
Berkovitz [2,3] reduced a general problem formulated in Optimal
Control Theory to the Problem of Bolza in the Calculus of
Variations in order to use the known results of the Bolza Problem.
In each of these theoretical studies, necessary conditions which
the solution to the optimization problem must satisfy are
obtained.

A knowledge of these necessary conditions is usually
insufficient to produce the solution to the optimization problem.
However, the known conditions may be used to reduce the
optimization problem to a two-point boundary value problem which
then can be resolved by an iterative numerical procedure. The
engineer is concerned not only with the properties of an optimal
solution but also with the problem of obtaining such a solution.
Hence, the purpose of this investigation can be stated as
follows: (1) to study the effect of inequality constraints on the

optimization of dynamical systems described by first order



ordinary differential equations, which are usually nonlinear,

and (2) to provide a computational algorithm that can be used

to obtain a solution to the resulting two-point boundary value
problem.

In Chapter 2 an optimization problem with inequality
constraints is formulated. Then the properties of two general
forms of inequality constraints are discussed. This discussion
leads to a problem reformulation, which is treated in Chapter 3.
Computational algorithms based on a new perturbation method for
inequality-constrained nonlinear problems are discussed in
Chapter 4. The numerical solution of a constrained nonlinear
problem is presented in Chapter 5. This example problem is a
mathematical model of an Earth-Mars transfer frajectory in three
dimensions, with inequality constraints as added side conditions.

The notation to be used in the following chapters is

given below.

(1)

&%
1
=

(2) A superscript T denotes transpose; a superscript -1

denotes inverse.
(3) If X is an n-dimensional vector, then the norm of X is

[ X1} = max [X,].
l<jsn



(4) If @ 4is a scalar then

wjo
NID
(-

99 _ = 39 3@
X - % T Laxpe ax,ec e
where X 1is an n-dimensional column vector.

(5) If Y is an m-dimensional column vector and X is an

n-dimensional column vector, then

(BYI Y
X, aXn
Y _ _
3% - 'x <
aYm aYm
X, BXn
- -

(6) 'If Q is a scalar and X and Y are defined as in (5)

then
- -
32Q 32Q 32Q
3X;0Y; 9X;09Y, °°° 3X10Y
32Q _ Q. =
3XoY XY
32Q 32Q ... 52Q
83X 9Y, 38X 3Y, 38X 3Y |



From this definition it follows that

_ T

provided Q has continuous second partial derivatives at the

point at which QXY and QYX are evaluated.

(7) Let t be a continuous scalar variable and let W = W(t).

Then,

W(tT) = 1im w(t)
t+t,

t'>t1

W(t]) = lim W(t)

t"tl
t<ti

If W 1is either a vector or a matrix the above expression
applies to each component of the vector and to each element of

the matrix.

: dX
(8) X denotes T -
(9) ( )t denotes ( ) evaluated at t.

(10) The variation of X, 68X, is denoted by x. A total change

in X 1is denoted by AX. Generally, AX = x + XAt.



inequality constraints: determine the control program U(t)

CHAPTER 2

ON INEQUALITY CONSTRAINTS

Consider the following optimization problem involving

the interval t. < t

while satisfying

0

o
|

<

N

S0 as to minimize the functional

X = F(X,U,t)

ci(X,U,t) <0

SJ(X,t) <0

on the interval t

where

t

0

L(X(tN),tN)

(3

=0

is known and X(to)

X(to)

XO

the conditions

= G(X(tyg),ty) + [Q(X,U,t)dt

by
~{
0
(1= 1,2,...,a)
= 1’2, ’B)
and

N

5

1s specified,

i.

€.»

on

(2.1)

(2.2)

(2.3)

(2.4)

(2.5)

(2.6)



The following definitions are used in Relationships (2.1)

through (2.6).

X, ()

Xo(t)

F (X,U,t)

F,(X,U,t)

F (X,U,t)

3

3

an n-dimensional vector of

state variables;

an m-dimensional vector of

control variables;

3

a specified n-dimensional
vector function of X,U

and t;



11 (X (tyy) 6]

Lo (X (k) ,ty)

» a specified t-dimensional
vector of terminal

constraint functions;

}%(X(tN)’tNU
G(X(tN),tN) » a specified scalar function of the

terminal values of X and t;

Q(X,U,t) , a specified scalar function of X, U,
and ¢t

[c.(x,u,1)]

C,(X,U0,t) s a specified a-dimensional

vector of inequality constraint

C = . functions where each function

explicitly contains the control

Ca(X,U,t) U;

" J

-

Sy (X,t) ]
S, (X,t) s & specified B-dimensional vector
of inequality constraint functions
g = . which do not contain the control
U;
SB(X,t)




and t, the scalar independent variable, hereafter referred
to as "time",

In many problems inequality constraints of the form

t

N
g(ty) + fv(X,U,t)dt s 0 (2.7)
to
or
Ey
h(ty) + fw(x,t)dt < 0 (2.8)
to
are given. These integral or isoperimetric constraints can be
reduced to terminal inequality constraints by introducing two
new state variables, Xn+l and Xn+2‘ The new state variables

satisfy the following differential equations:

Bde
t

= v(X,U,8) , X ,1(t,) =0

n+1 n+1l

(t =0

e
|

ne2 = WEELE) XS (8))

Then the Inequalities (2.7) and (2.8) are equivalent to the

inequalities

gr1 = 8(ty) + Xop1(ty) =<0 (2.7")
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and

L (tN) < 0 (2.8")

= hity) + X5

L42
respectively. If the Inequalities (2.7') and (2.8') are expressed
as equalities by using the method of Valentine [48], (see Chapter

3), then L and L2+ can be treated as terminal constraint

2+1 2
functions. Therefore, integral inequality constraints can be
handled within the framework of the problem given by Relationships
(2.1) through (2.6).

In the optimization problem given by (2.1) through
(2.6), any solution of Equation (2.2) which satisfies the
Inequalities (2.3) and (2.4) and the Initial Conditions (2.6)
1s called a trajectory. Along any trajectory it is assumed that
all functions possess derivativesvof any order that may be
required in the analysis.

The 1nequality constraints restrict the possible
solutions of Equation (2.2) to regions of the (X,U,t)-space
defined by Inequalities (2.3) and (2.4). The boundaries of these
regions (constraint boundaries) are the surfaces Sj(X,t) =0
and Ci(X,U,t) = 0. The point [t;,X(t;)] where a trajectory
enters a constraint boundary is known as an entering-corner point.
The point where g trajectory leaves a constraint boundary,
[t2,X(t5)], is an exiting-corner point.

Many possible solutions to the differential

equations, Equation (2.2), with the initial conditions, Equation
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(2.6), can be obtained by choosing different functions for U.
Suppose one has a solution which satisfies every inequality

constraint of the form (2.3) and (2.4), except Ck and Sj‘ Thus,

A

Ci(X,U,8) <0 1 # k, lcica
S;(X,t) 0 1#J, 1zi<s

and

Ck(X,U,t)

v
(@]

S,(X,t) >

o

for some values of t in the interval, ¢t.<t<t How should

0 N°®

the control U be chosen in order to have Ckgo and S

The question is easlly resolved for Ck' Suppose that

Ck(X,U,t)>O at time t. Since Ck explicitly contains the

control, one component of U can be found to satisfy the

<0?

J

equation

€, (X,U,t) =0

Therefore, an inequality constraint which explicitly contains

the control readily provides a means of calculating U so that

a constraint boundary (Ci = 0) will not be crossed. For a state-
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variable constraint such as Sj(X,t), which does not contain U,
a different procedure is required. (Two such procedures are given
in Section 2.1.) Thus far, only a single constraint has been zero
at a time. The problem of having more than one inequality con-

straint simultaneously zero is discussed in Section 3.3.

2.1 State-variable inequality constraints.

The choice of U so that the constraint boundary
Si(X,t) = 0 will not be crossed by a solution of Equation (2.2)
must now be resolved. On an arbitrary interval, ti<ts<t,,
assume that Si(X,t)zo for some solution of Equation (2.2). By
the statement of the problem at the beginning of this chapter,
only those solutions which remain within the region Si<0
or travel along the boundary Si=0 are sought. Hence, on the
interval ¢t <t<t,, it is required that Si(X,t) = 0 in order for
the solution to be admissible. If Si is zero on t;c<ts<t,
then every derivative of Si must be zero, also; i.e.,

aJs,

J%=0 (j = 1,2,...) . (2.9)
dt

Equation (2.9) may be rewritten as

: RV .

a’s, o |[a77sy , [ @078y

= = ——= | F(X,U,t) + 2 ——=] (2.10)
oX dtJ—l 2

at?
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for j§ = 1,2,... with
0
a-s
1 ax _
—526 = Si and at F(X,U,t) .

The state-variable constraint Si- is called a gq-th order

constraint whenever

q
JL[dSiJ Lo
oU dtq

and

) dJSi
W _at_j- EO’ (J=O)l,"', q-l)

Hence the g-th derivative of Si 1s the first one that
explicitly contains the control U. The case in which qQ=1
is treated by Berkovitz [3] and by Pontryagin et al. [43].
Dreyfus [18]:and Bryson et al. [10] discuss cases in which g>1.
If S1 is a g-th order constraint, then on the
interval t;<tst,, where Si = 0, the control may be determined

from

dqsi
= =0 . (2.11)

q
dt £

Equation (2.11) is the required rule for choosing U on a

state-variable constraint boundary.



Equation (2.11) involves

X,U and t.

14

This suggests that

a state-variable inequality constraint, such as described by

Inequality (2.4), may be replaced by a constraint of the form

of Inequality (2.3) and some auxiliary conditions.

constraint can be written as

_l;
C(X,U,t) =
a%s
1.
3
at?
so that C(X,U,t) g 0 for tgst

are readily obtained i1f one notes that in order for S

remain zero on the interval

by Equation

q-1
Si

atd-1

if  8,(X,t)<0

if si(x,t)

5tN.

= 0
t

The

(2.12)

=0

The auxiliary conditions

1 to

ti<t<t,, when the control is given

(2.11), the following conditions must be satisfied:

o (2.13)

J

Equations (2.13) follow from Equation (2.9) and



g
dJ’ls1 dJ‘lsi djsi .
1] 4 — 114t (2.14)
atd I atd -1 atd
(o) tl £ t

1
Equation (2.14) holds for J = 1,2,..., q and t;<0st,.

If Si<0 for t = t, + ¢, where ¢ 1s an arbitrary

small positive number, then dJsi/dtJ is free (for each j) at

t = t2 + €. Therefore, at t = t,

dq‘lsi
atd”

t2
Equation (2.15) is another auxiliary condition.
Therefore, a q-th order state-variable inequality
constraint, Si(X,t), can be replaced, on the interval togtst
by the q point-constraints given by Equations (2.13), the

N’

point-constraint given by Equation (2.15), and an inequality
constraint given by Equation (2.12). The point-constraints
constitute intermediate boundary conditions. (In the next
chapter a new optimization problem is defined with intermediate
boundary conditions and inequality constraints similar to
Inequality (2.3). This problem is then investigated to obtain
conditions which its solution must satisfy.)

There are two alternate procedures for dealing with a
q-th order state-variable inequality constraint.

1. On the constraint boundary, the auxiliary conditions

are taken as

15



for J - 1,2,..., q. Denham [16] points out that
this type of formulation does not offer the
computational advantage of the formulation according
to Equations (2.12), (2.13) and (2.15).

The n state variables are related by q equations
on a q-th order state-variable constraint boundary,
[18]. Therefore, q of the state variables can be
determined in terms of the remaining n-q variables.

Without loss of generality, the first q state

variables can be written as

X1 = Xi(Xk,t)
for 1 =1,2,..., q; k = q+1, g+2,..., n . For the
n-q independent state variables, the differential
equations become

X, = Fk(Xj,U,t) (2.16)

for k,j = q+l, q+2,..., n

Therefore, on a g-th order state-variable constraint
boundary, S = 0, the n differential equations,
Equation (2.2), are replaced by Equations (2.16),

with the control determined from qu/d€1= 0.
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The question of using a reduced set of differential
equations is discussed by Dreyfus [18,19] and Berkovitz
and Dreyfus [4]. 1In Reference 4 the authors show the
equivalence between the use of a full set of equations
and the use of a reduced set. One advantage of retaining
the full set of equations is that the form of Equations
(2.2) does not change on a state-variable constraint

boundary.

An additional point to be discussed about a g-th order
state-variable constraint 1s the allowable bound on q. On the
boundary of a g-th order constraint, the n state variables are
related by q equations similar to Equations (2.13). Hence as<n
for a properly imposed constraint. A g-th order constraint with
@>n must be reformulated or removed from the problem. An example
of such a constraint i1s the constraint on one state variable, when
the derivative of that state variable is a constant. Such a state

variable is uncontrollable.

2.2 Entering- and exiting-corner times.

A subproblem associated with inequality constraints
concerns the determination of entering- and exiting-corner times.
These are the times at which a trajectory enters or leaves a

constraint boundary. For the constraints
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c(X,U,t) < 0

S(X,t) < 0

an entering-corner time, t; , is easily determined from the

relationships

C(X(t1),U(t1),t1) = 0 , [or S(X(t;),t;) = 0]

where

C(X(t),U(t),1) < 0 [or S(X(1),1) < 0] for t1-e < 1 < t:,

with € an arbitrary small positive number. The determination of
an exlting-corner time is not as straight forward.

The analysis of an optimization problem gives a
rule for determining the optimal U (see Chapter 3). This rule
allows two values of U to be computed: an "unconstrained"
value, U , and a "constrained" value U. Use of U may cause
some of the 1lnequality constraints to be greater than zero. If
this is the case, then the "constrained" value of the control
must be employed. The two possible values of the control

will be used to determine an exiting-corner time.

There are two cases which must be considered.
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(1) The trajectory travels along the constraint boundary for a
finite time interval.
For the constraint C(X,U,t), an exiting-corner

time, ¢t, , 1s determined from the relationships

C(X(t2),U(ty),t,) = 0

when

C(X(1),U(t),1) > 0
for

tr-e 21 < ¢t
Note that

C(X(t),U(t),t) = 0
for

t2—€ st <t2

Recall that a g-th order state-variable constraint

S(X,t) can be replaced by the conditions



for j =
where t,

from

Therefore, an exiting-corner time is that value of time,

for which

when

0,1,2,..., gq-1

als

- = S(j)(X(tl),tl)

atd
1]

is the entering-corner time.

a9s
at?

5$D (X(,),0(t,),6,) = 0

s (x(x),T(0),1) > 0

for tr-e <1 < t,

(2) The trajectory only touches the constraint boundary at one

point.

The exiting time is &, ,

C(X(t,),U(ts),t0) = 0

s(D (X (6,),0(8,),6,)

= (D (x(1),00¢),¢)

0

0

on the constraint boundary S(X,t) = 0

20

The control is determined

= 0

and therefore

t,

L]



CHAPTER 3

ANALYSIS

"Therefore let every man
now task his thought".

King Henry V
Act I Scene IT

3.1 A general problem.

A general problem with inequality constraints and
intermediate boundary conditions can now be stated: determine the

control program U(t), tystst 80 as to minimize the functional

N,
N b
r = G(X(tN),t ) + ) Q(X,U,t)dt (3.1)
J=1 J .+
j-1
subject to the conditions
X = F(X,U,t) (3.2)
Ci(X:Ust) < 0 (1 = 1,2,..., r) (3-3)

t;—l <t < tg (j = 1,2,..., N), where

t, is specified and X(to) is known, i.e.,

on the intervals

X(to) = X° (3.4)

no
}d
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and where

L(J)mtJ),t ) =0 (§=1,2,..., N) . (3.5)

The times tj may be unknown. It is assumed that ti =t, = ¢
for 1 =0,1,2,..., N. The use of the superscripts + and - is
explained in the notation section of Chapter 1. A solution of
Equation (3.2) which satisfies Inequalities (3.3), Equations
(3.5) and the Initial Conditions (3.4) will be called an optimal
trajectory. The notation used in Relationships (3.1) through

(3.5) 1is defined as follows:

- -
X, (t)
s an n-dimensional vector of
Xa(t)
state variables with each Xi
X = continuous on the interval
tO <t < tN;
X (t)
Uy(t)
U,(t)
U = . s an m-dimensional vector of
control variables;
U, ()
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rFl(x,U,t)
> & specified n-dimensional
Fo(X,U,t)
. vector function with each Fi
FP =
defined on the intervals
+ -
_Fn(X’U’t)J tj-l <t < tj 3
- -
L 9 (xee),60)
(i) J J » & specified zj—dimensional,
Lo 97 (X(t,),t.)
J J vector function of point-
L(j) = . constraints, representing
(3) intermediate boundary
L, (X(t,),t,)
J J J i conditions;

G(X(tN),tN) and Q(X,U,t), specified scalar functions; and

€1(X,U,t) » & specified r-dimensional vector
Co(X,U,t) of inequality constraint functions
c = : satisfying aCi/aU Z 0 whenever
Ci =0 , for each 1.
C,.(X,U,t)

The points t = tj (J = 1,2,..., N-1) denote the times at which
the trajectory enters or leaves a state-variable constraint
boundary (see Chapter 2), or the times at which some Fi(X,U,t)
has a finite jump discontinuity.

It will be assumed that all functions possess derivatives

of any order which may be required in the analysis. This property
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is to hold on each interval t;_l St t] (3= 1,20, N,
Furthermore, if a function is discontinuous at t = tj then it
is assumed that unique right and left limits exist.

It is noted that problems containing discontinuous state
variables, [13], may be handled also. For example, suppose that

at t =t
+ - -
X(ty) = X3(t1) + ¢,

where ¢ 1s a constant. Introduce a new state variable Xn+l'

Then
X, = F1(Xy,Xp,.00,X5U,8) , X(tg) given
X = 0 > Xn+l(t0) = Xl(tl) + c

for t, <t < t] , and

. + -
X3 =0, X;(t1) = X (ty)

. + -

Xn+l = Fl(Xn_l_l,Xz,...,Xn,U,t) s Xn_l_l(tl) = Xl(tl) + C
Use of the extra state variable, Xn+l’ has removed the dis-
continuity on the state variable X,. Henceforth the total number

of state variables, n, will be assumed to consist of the original

state variables plus the extra state variables introduced to remove
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discontinuities.
In order to include the constraints given by Inequalities
(3.3) in the analysis, the method due to Valentine [48] will be

employed. Let the real number Z, be defined by

k
22 + C (X,U,t) =0 . (3.6)
As 2, 1is to be a real number, Zi > 0 and thus Equation (3.6)
can replace the inequality ¢ < 0 , for k = 1,2,..., r. By

k

means of Equation (3.6), the inequality constraints have been
converted into equality constraints.

The classical method of unknown multipliers will be used
in order to study the effects of the intermediate boundary
conditions, the terminal conditions and the inequality constraints
on the functional being minimized, and also to obtain the optimal
choice for the control.

Adjoin Equations (3.2), (3.5) and (3.6) to Equation (3.1)

by unknown Lagrange multipliers P P, v<J) and M to define

O,
a new scalar function V:

>
N . J
V= 3 r(J) 4 .I.(H - Py + mMTz2)at (3.7)
351 o

where

RN - PaG(X(ty)sty) + [v(N)JTL(N>(X(tN),t ) (3.8)
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R(J) = [v(J)]TL(J>(X(tJ),tJ) » (§J = 1,2, » N-1) (3.9)
E-Z? P, VgJ) My
z2 = |, |, p=|. |, v -1, M =
(3)
le,, Pn \)Q,J, Mr’

and PO is a scalar constant. The variational Hamiltonian, H,

is defined by
T T
H = POQ(X,U,t) + P'F(X,U,t) + M C(X,U,t) . (3.10)

Minimization of Equation (3.1), subject to the requirement that
Equations (3.2), (3.4), and (3.5) and Inequalities (3.3) be
satisfied is equivalent to minimization of Equation (3.7) with
initial conditions given by Equation (3.4) as a side condition.
Assume that a minimizing trajectory exists; then
Equation (3.7) will be expanded in a Taylor series about this
trajectory. The first order terms in the Taylor series constitute
the first variation of V, denoted by §'V; the second order
terms, except for a factor of %, compose the second variation of
V, §"V. In the following sections both the first and the second
variations of V will be obtained. By evaluating &'V and

¢"V  on a minimizing trajectory, the conditions which the
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trajectory must satisfy will be obtained. For a solution to be
a minimizing trajectory it is required that 6'V = 0 and
§"V>0 for arbitrary small variations about the solution, [5].
Let a candidate trajectory give a value of V as
V = VO(X,P,U,M,ZZ,v<J),tj)
A nearby trajectory will give
V = Vl(X+AX,P+AP,U+AU,M+AM,Z2+AZZ,v(J)+Av(J),tj+Atj)
Then the change in V 1s given by

AV = Vy -V =(6‘V)VO + 5%(a"v%

3.2 The first variation.

The first order terms in the Taylor series expansion of

(H - P

N (1) _ .
§'V = ) AR+ A X + M 22)dt (3.11)

'__J
LS,
+

51

Expansion of the terms outside the integral sign gives

I ACRA [ RO ax + RtJ)At + R( I <J)] (3.12)
t,
J

for Jj = 1,2,..., N-1, and
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AR<N) = [R:S{N)AX + RéN)At + R\()N)A\)(N) + RES)APOL . (3.13)
N

The subscript notation RX denotes partial differentiation,

while (R)t denotes the value of R at t. The superscript
(3)

(j) on v has been dropped whenever partial differentiation with

respect to v(J) is required.

By Leibnitz's Rule, the variation of each of the integral

terms is
f t :j- m T T r_'[]
s | (H=P X+M'Z2)dt = [ (H=PLi+M 72)at], -
o + J
t
J=-1 .
- [(H—PPX+MTZZ)At]t+
-1
£t
J T, T
+ §(H-P X4+M " Z2)dt . (3.14)
t+
5.1

When expanded, the last term in Equation (3.14) is

ot

J
., G(H—PTX+MTZZ)dt =
+

tj_l
t
! T T T T
(HXX+HPp+HUu+HMu—X p-P %x+(Z2) u+M 8§ (Z2)+H

Yt
JH

p,y)dt (3.15)

Py

1

where

»
I}
4
1]
o
=
c
i
[
(e
fo]
it
o)
av]

§X,
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and

6X=a€(6X) = X
Now, since
r
M'z2 =y ozl
i=1 -t
it follows that
T r
M'§(z2) =2 ] M.Z,z, (3.16)
2 1l 1 7
i=1
where z, = GZi. If the term —PTX under the integral in
Equation (3.15) is integrated by parts, and if the relation
AX = x + X At (3.17)
is used to combine terms, the first variation of V can be
obtained in the form of Equation (3.18). Note that At. = 0

0
and X(to) = 0 by Equation (3.14) since X(to) is known, and

that
+ - - =
AX(tj) = AX(tj) AX(tj)

since X 1s assumed continuous at tj.
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§1V = [(RéN)—PT)AX + (RéN)+H+MTZZ)At + R5N>Av(N) + R(N)APO]

Fo Ey
N-1
(3) (J)
+ jgle (tj)Av
N-1
(J) T, .=, .T,, +
+ jZl[RX (tj>—P (tj>+P <tj)]AX(tj>
N-
v [R(J)(t J+H(ED) - H(t )+MT (67)22(7) M7 (t yz2 (6 F 1)1t
Jj=1
N J
+ ) [ (Hy +PT )x+(Hy %7 )p+H U
J=1 t
T r
+(Hy+(22) JutHy po+2 ] M,Z,z,]dt (3.18)
0 i=1

If the trajectory makes V an extremum then §'V = Q.

The consequences of this are examined in the next section.

3.3 Conditions obtained from the first variation.

The first variation of V,§'V, must be zero on a
minimizing trajectory, [5]. Requiring that Equation (3.18) be

zero leads to the following conditions.
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1
|
(1) At e |
T (N) 3
[P7 () = Ry (g 1aX(ty) =0 (3.19)
[RéN)(tN) +H(t) + MT(tN>22<tN)]AtN = 0 (3.20)
[R\()N)(tN)]Av<N) -0 (3.21)
[R(N)(t )JaP . = 0 (3.22)
Py (N 0 :
(2) At £y s (j = 1,2, , N-1)
i
|
(3) T, - T, .+ _
[RX (tj) - P (tj> + P (tj)]AX(tJ) = 0 (3.23)
(3) -\ + Toi=voori=y wlretyoo, ot =
(R (6 ) +H(E])-H(£ )+ ()2 (6)=M(¢1)22(671 Tk, = 0 (3.24)
[R§j>(tj)]Av(‘j) -0 (3.25)

In Equations (3.19), (3.23), (3.21) and (3.25) the
quantities in the brackets are zero on the optimal trajectory. 1In
Equations (3.20) and (3.24) either ti is known (Ati = 0) or
the quantity in the brackets is zero.

Eguations (3.19) through (3.22) are the terminal
conditions. Equations (3.23) through (3.25) are the corner

conditions. Note that P and H may be discontinuous at

t. , (5 = 1,2,.

., N-1).
; )
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+
(3) For Ejop st sty ,

equations are given by

(j = 1,2,..., N), the Euler-Lagrange

X = Hg (3.26)
b= -H) (3.27)
0 = Hy (3.28)
0 = Hy + 22 (3.29)
0 = fp g (3.30)

ey T) . (3.31)

Equation (3.26) is merely Equation (3.2), and Equation (3.29) is

Equation (3.6) written in vector form. Since PO is a constant,
p, = AP_ . Furthermore, neither H_ = Q nor R(N)(t ) = G are
0 0 PO PO N
both identically zero, hence py = 0. But Equation (3.1) is
to be minimized; therefore POzO. Problems in which PO is
zero are called abnormal and will not be considered here. Since

PO is an arbitrary positive constant, it can be set equal to
unity: henceforth, PO = 1 will be used.
Equation (3.31) can be combined with Equation (3.6)

to give
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The differential equations which the optimal trajectory must

satisfy are restated as

X = F(X,U,t)
f (3.32)
P = —Q§ - FgP - ch
where M and U are determined from
N
0 =M. C (X,U,t), (i=1,2,..., 1) ?
(3.33)
0 = Qg + F%P + ch . J

Equations (3.33) are r + m algebraic (and usually nonlinear)
equations in the r + m unknowns M, (1 = 1,2,..., r) and
Uk (k = 1,2,..., m) in terms of X,P and t. Now, if Ci < 0 then
Mi = 0; if Ci = 0 then Mi must be determined. The maximum
number of constraints Ci that can be zero at any given time must
be ascertained.

Suppose that r; (r;x<r) of the Inequality Constraints
(3.3) are simultaneously zero at time t. Form these r,
constraints into a vector E. The r;xm matrix EU must be of

rank r; (r;s<m) in order to solve for r; of the controls in

terms of the remaining m-r, controls, the state X, and the time
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t, [1], in the equation E(X,U,t) = 0 . Therefore, the maximum
number of constraints which can simultaneously be zero must be
less than or equal to the number of control variables. The

r); constraints must be independent in the sense that the

ryxm matrix EU is required to be of full rank.

Let the vector W contain those IVI:.L corresponding to

a constraint that is zero. The k-th component of CiM is

r 29C, r; JE,
Lowg M= Loy s
i=1 "%k j=1 "k J

because Mi = 0 whenever Ci<O. Therefore,

T, _ T

CXM = EXW
and similarly,

T.,, _ 7T

CUM = EUW

To obtain information on the possible finite jump
discontinuities in P, the second equation in each of Equations

(3.32) and (3.33) is rewritten as

. T T T
P = -Qy - FyP - EJW (3.34)
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and

0 = Qg + FgP + ng . (3.35)

Since the r;xm matrix EU has rank r;, there is a nonsingular
r;xr; submatrix, EU’ of Ey, such that Equation (3.35) can be

written as the two following equations:

=T _ =T _T
Qp + By + Egi = 0
T =T -T
Qy + FyP + EgW = 0

The first of these vector equations represents ry algebraic

equations; the second, m-r; algebraic equations. Solving for
W gives
_ =TN=-1-=T,=T
since EU is nonsingular. On substituting W into Equation
(3.34);
_ T T, z7,-1=T T . T,zT\-15T

Let S(X,t) be a qg-th order state-variable constraint.
Assume that the trajectory enters the constraint boundary at

t = t, and leaves at t = t,. For simplicity, assume only one
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constraint will be zero during this time interval, therefore

ry = 1. From Equations (2.13) and (2.15), it follows that

k-1
1
Ll({ )(X(tl),tl) = d k—i\) 3 (k = 1)23 3 Q)
dt /
/t]_
and
(2) [q49-15
L (X(tz),tz) = il .
q-—- i
at j
)tz
From Equation (3.23):
q r j-1 \
T, + T,,- 1 S
b - Fep - 1o e (2] |
j=1 9 L dat . |
/ 1 ? (3.38)
1
+ T 2 3 q |
0 X g-1 ‘
dat :
sy |
By Equations (3.38), the Lagrange multipliers, Pk’ may be
discontinuous at both t; and t,. Following an argument given

by Bryson et al. [10] for the case of one control variable (m=1),
it will be shown that P can be continuous at ¢t = t,. In
the expression on the right hand side of Equation (3.37), replace

P Dby

T
5 [ a9 g
P + ﬁ(— ) b
atd?

where b 1s an arbitrary scalar constant. The new expression

is
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T
d 5 [a2~1g b + [QT-ET(ET)"léT]
= ¢ P+ 2L v X~ Ex Py U
X dtq—l

T
-1
T _T,=T,=1=T s (a9 *s b
+ [Fy-Ey ()7 Ry p +[%§ e ]

Subtracting Equation (3.37) from this expression gives
T

-1 T q-1
d s [a% s T _T,=T\-1=T-| a [a%7 s

Now, on a state-variable constraint boundary a component of the

control vector is determined from the equation

-1

a%s _ a [a¥1s)_ | & (a9 1s ey 2 (a37ts
ot dtq—l

p oo o2 fa¥s) | e [a%ls Fj
U T 30 3X| gpa-1

since the q-1 derivative of S does not contain U.

Al fa® sV e s fa2 2\ [ ]
dt| 3% | a-1 XX | gpaT | [
S

g-1

Now

q
d
at4-

+

203
3t )oX il



and therefore

f g=1 A\ ~
als fao20Y T, faals)
ar ok gganlyy X A B

Since b is a constant, ixvression (3.32) reduces to

r‘ a1}y
; .<‘T T K / b\\ j .
i : z jx "'\.z( - , - I_/ "
L fu, , j
i J
l'— 1
crelopT(ET) 15T | 2 a9 1g '71
% Ex By U Lax (dtq—l _J

Using the fact that

5o atls I
U o X \ La- 1) J U

this expression becomes

-1 =1

{E (E ) (B b =0

"

Hence Equation (3.37) is unchanged whenever

-gL(dq]‘\i

9X | gt j

{
1
|
i
L.
is added to P. If this addition is made at each t 1in the
gtgfz, then at t = t,, P(tg) is given by

interval ¢t

Fquation (3.38):



T 4+, T, - (2), | » [a%1s
P (t2> = P (tz) + (b-v ) [B—X' dtq—l Jt .
2

If b = v(z), then P(t;) = P(t,). Hence, P can be made
continuous at points where the trajectory leaves a state-
constraint boundary [21] by proper choice of the arbitrary
constant b; but P may be discontinuous at points where the
trajectory enters a state-constraint boundary. The preceding
argument can be extended to cases in which more than one state-
variable constraint is simultaneously zero. The expression used

to replace P in Equation (3.37) is

~
S
51
542)
| )
S(a)
— a .__-J
where
—1
qu S
(3) J
SJ. q _1 s (J = 1323 3 CX)



A final consequence of §'V = 0 1is related to Equation
(3.28). Since this equation is written in vector notation, it
actually represents m algebraic equations. If any one of these
equations were identically zero, independent of some component of
U, there is a singular extremal. This will usually occur for
Ci < 0. Kopp and Moyer [34] give conditions to determine U for
singular extremals.

3.4 The second variation.

The second order terms in the Taylor series expansion of
V = Vl(X+AX,P+AP,U+AU,M+AM,Z2+AZ2,V<J)+AV(J),tj+Atj>

about (X,P,U,M,Zz,v(j),tj) constitute the second variation of
V, 8"V, except for a factor of %. In particular, an optimum
trajectory is required to have 6§'V = 0 , ¢"V > 0 . The second
varlation of V is given below for a trajectory which satisfies

§'V =0



§"V = [AX(t )] [R<N)AX+R§§) (N)+R(N)At—AP]t

Xt N
(W) (N) (N )
+ [Av ] [R AX+R vt t]tN
+ [At ][(R(N)+H )AX+(R(N>+Ht)At
(N) (N)
+ hPAP+R ]tN

1 —
+VZ [Av(J)]T[R<J)AX+R( )At]
J=1 ‘5

N-1
) [8X(%5)] [R(J)AY+R(J)Av( )+R( 1),
j=1

- +
—AP(tj)+AP(tj)]tj
N-1 . i

(3) .+ - + (3). . (3)
+]Z [At 10(R; +Ht(tj)—Ht(tj))Atj + R av

] - - + +
+ HP(tj)AP(tj) - HP(tj)AP(tj)

(J) - +
+ (R +11 (tj)-HX(tj))AX]t

- J
t7
N J -
+3 [x Hy o x+2x 1, p+2x H, utxip
sEy XX XP XU
o+
Y1
' T T. T
+2p HPUu-p X+u HUUU
T T T T S

2 y o) "
+2u CUu+2x CXu+2lil(Mizi+_uiZi)zi]dt

b1

(3.40)



where the second partial derivatives of

are given by

_ = ] T
Hyy = Hyy + ﬁ(M cX)
= _ T
HXP = Hyp = (HPX)
_ = o T ) T
Hyy = Hyy + §ﬁ<M cX) (hUX)
H =8+ 2 (Mrc.)
uu uuU aU U
- . T
Hpy = Hpy = (Hyp)
Both the matrices HXX and HUU are symmetric. The terms

r
T.T T.T
2u” Cryut2x Cyn+2) (Myz,+2u,2,)z,

i=1

under the integral in Equation (3.40) vanish, since Mizi =

implies

M.C, = 0 , and therefore
i7i

= \ =
G(MiZi) ”izi + Mizi 0
BCi Bci

0

L2



80 that

(1) Zi # 0 (Ci<0) then Mi = 0 and uy o= 0
(2) z, =0 (Ci=O) then Mi Z 0 and z; =0,
BCi SC:.L
BXX + aUu =0

If X,x,u,p and p are "sufficiently small" then the

total change in V will be given by AV = §'V + 5 §"V. Since
§'V is required to be zero, for an extremal, it follows that
AV = %S"V. In order that the trajectory afford a local minimum
to V, AV must be nonnegative for all nearby trajectories;
i.e., AV20 for all "sufficiently small" variations x and

u whenever p = b = 0. The effect of this requirement is now

examined.

3.5 Conditions obtained from the second variation.

For the minimizing trajectory,

AV = %S”Vzo . (3.41)

In Equation (3.40) set AX(tj), Av(J), Atj, p and p equal

to zero. Then AV 1is given by



t.
s J
2= 1 g K' [x Hyx + 2x Hy, u + ulH. ulds
2Ly XX xut T Y Py
ot
t5 1
The expression for AV can be rewritten as
ot
i
1 ¥
6V = 3 ) ;o w(x,u,t)dt (3.42)
J=1 ¢
671
where
T [ =
wix,u,t) = [x uT] !—HXX Hyy boX
I f
' k)
H I L ou
UX YUu

AV is nonnegative if the matrix

is positive semi-definite or positive definite. It is clear

that u can be so chosen that the term uTH u will dominate

8)8)
the others, i.e., |[[x|| will be small. Therefore it is necessary
that HUU be positive semi-definite or positive definite, in order

to have AV nonnegative. The latter requirement on HUU’ the

strengthened Legendre Condition of the Calculus of Variations, can
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be expressed as

uTHUUu>O (3.43)

for arbitrary, nonzero u. Henceforth, it is assumed that

Inequality (3.43) holds. The matrix

may not be positive semi-definite, but AV could still be
nonnegative (see Section L4.4). If K 1is positive semi-definite
then the matrix HXX - HXU B%HUX is also positive semi-definite,
(27], as is the matrix Hyx o
Equation (3.28) combined with Inequality (3.43) shows
that on an optimal trajectory the scalar function H is minimized

with respect to the control U.

A stronger condition than that expressed by Equation
(3.28) and Inequality (3.43) is the Welerstrass Condition

H(X,P,U,M,t) < H(X,P,U¥,M,t) (3.44)

with M = 0 and where U¥ 1is any admissible control which

satisfies the Inequalities (3.3), [23].
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Consider now the question of the range for Mi
(i =1,2,..., r). Suppose that Uj can be determined from the

constraint C,. Let U§ denote the unconstrained optimum value

of Uj; let ﬁj denote the constrained optimum value of Uj5

then
* T —
Ci(X,UJ.,t) > Ci(X,UJ.,t) =0 . (3-45)

There are two possible cases: U; > ﬁj and U§ < ﬁj

(1) U¥* > U,
) J J
If the constraint were not present then Q + PTF is

minimized with respect to U, and therefore

[:5‘%—(@+PTF):1_ < lg%——(Q+PTF)] =0,
J U, L J U*
J J
since Q + PTF is decreasing at ﬁj as Uj increases. With
a constraint in the problem, the term Mici must be added to
T ) T =
Q@ + P°F, so that 30 (@ + P°F + MiCi) = 0 . Thus,
3C,
M. ——1\5 > 0
i BJU
73

Now (aCi/an) > 0 at Uj = ﬁj , by Inequality (3.45), and

therefore Mi > 0

2) U¥ < U,
(2) ] ; )
A similar argument, utilizing the fact that Q + P F

is decreasing at ﬁj as Uj decreases, shows that Mizo° Then,
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for each 1 = 1,2,..., r
Mi(t) > 0 (3.46)
on the intervals ¢t.

+ -
J-..

3.6 Conjugate points.

An important condition that must be satisfied by the
trajectory is the absence of any conjugate points. If the
trajectory contained a conjugate point, then the trajectory
is not optimal. There are two possible types of conjugate points;
points conjugate to the initial time ¢t and points conjugate to

0

the terminal time tN‘ Breakwell and Ho [7] discuss a procedure

for determining the existence of points conjugate to the terminal
time, for problems without inequality constraints. In the procedure,
the determinant of a certain matrix is examined at each point on

the trajectory. The determinant is zero at th There is a

conjugate point at 1, t. <1<t if the determinant 1is zero at 1,

0 N?
but has a nonzero value for ¢t, T<t<tN. It is conjectured that
This procedure, with modifications to handle the inequality
constraints, 1s applicable to inequality-constrained problems. 1In
Section 4.4 tests for the existence of points conjugate to tO
and tN are discussed for inequality-constrained problems.

In the preceding sections of this chapter, conditions

have been found which the trajectory must satisfy in order to

minimize the functional given in Equation (3.1). These conditions



do not indicate a procedure to geénerate such a trajectory. Hence,
a major engineering and mathematical problem is left unresolved.

This problem is discussed in Chapter 4.



CHAPTER 4

COMPUTATIONAL ALGORITHMS

"Bloody instructions,
which being taught,
return to plague the
inventor."

MacBeth
Act I Scene VII

The construction of an optimal trajectory is generally
a difficult problem. The functions X(t), P(t), U(t) and
M(t) must be found which satisfy
1. the differential equations; Equations (3.32):
2. the optimality conditions; Equations (3.33), Inequality
(3.43) [or Inequality (3.44)]:
3. the boundary conditions; Initial Conditions (3.4) and
Equations (3.19):
4. the terminal constraints; Equations (3.20) and (3.21):
and
5. the corner conditions; Equations (3.23), (3.24) and (3.25).
In addition, the trajectory must not contain a conjugate point.
To satisfy all of these criteria implies that at least
a two-point boundary value problem (generally nonlinear) must be
solved. The boundary conditions are split between the Initial
Conditions (3.4) on X, at to, and the terminal conditions on
P, Equations (3.19), at ty. Equations (3.25) are intermediate

boundary conditions.
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Methods which have been proposed for solving the split
boundary value problems arising in optimization theory include
(1) the gradient (steepest-ascent) methods [14,17,30,32,47],
(2) guasilinearization (generalized Newton-Raphson) methods
[39,40], (3) dynamic programming [18,19], (4) nonlinear
programming [25,26], and (5) perturbation methods [8,29,31,33].
The penalty function technique [28,30,42,44] may be successfully
employed 1n the sclution of inequality-constrained problems. At
present there 1s no universal algorithm which will solve all
optimization problems. Some of the preceding methods (the gradient
methods) will converge to a good approximation to the optimal
trajectory, starting from crude initial estimates. The gradient
methods may give a trajectory which does not satisfy Equations
(3.33) and Inequality (3.43). Others, such as the perturbation
methods can converge to the optimal trajectory, but often
require good initial estimates. The best procedure may require
two different methods to generate the optimum trajectory. The
initial method gives a good approximation to the solution when
starting from crude initial estimates. The second method, which
uses the answers from the first method as its initial conditions,
is used to obtain convergence to the final answer. Only one
particular method, a perturbation method, will be considered here,
This perturbation procedure is an iterative, rapidly converging
method (provided the initial estimates are sufficiently accurate).
Each iterant satisfies the Initial Conditions (3.,4), the

Differential Equations (3.32), and the optimality conditions,
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Equations (3.33) and Inequality (3.43). The method would be
extremely useful for generating a sequence of optimum trajectories,
each with a slightly different set of Initial Conditions (3.4),
starting from a known optimum trajectory.

It will be assumed that a problem of interest has been
formulated and then analyzed to obtain the information required
by the analysis presented in Chapter 3. The differential equations
governing X and P are known explicitly, as are the equations
giving U in terms of X, P and t. All that remains is to
produce a trajectory, and to test for various properties which
could not be accounted for until the trajectory has been obtained
(such as conjugate points).

The procedure for generating a trajectory will involve
guessing (or obtaining from another method) initial estimates for
P(to), tj’ and the unknown multipliers v(j)c Once these values
are known, a constrained trajectory can be obtained. This
trajectory will satisfy all the required conditions except perhaps
the boundary conditions (intermediate and terminal) and the
corner conditions. The question to be considered is the following.

How should P(to), tj and v(J)

be changed so that the boundary
and corner conditions will be better satisfied? The perturbaftion
method presented here answers this question and thereby provides
an algorithm which produces the optimal constrained trajectory.

Equation (3.23) shows that the Lagrange multipliers,

Pk’ may have finite jump discontinuities at points whzre
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the trajectory enters a state-variable constraint boundary. The
discontinuities are given in terms of X(tj), tj and v<j);

hence the magnitude of the discontinuity in each component of

P may be unknown until the problem has been solved. This

suggests that a boundary value problem containing N-1 intermediate
boundaries, where each one is a vector of point-constraints, is
equivalent to N two-point boundary value problems in series.

Let the entering-corner times be tj’ for j = 1,2,..., N. The

J-th two-point boundary value problem will extend from tj—l up
to tj‘ At the beginning of the j-th problem it will be
necessary to determine initial values for each Pk (k = 1,2,..., n)
which experiences a discontinuity at tj—l“ For the ccmponents of
P  which are continuous at tj—l the initial values for the

J-th problem are the same as the terminal values for the Jg-1
problem. As the multipliers v(j) only appear at the points of
discontinuity, they can be dismissed from the discussion. 1In
Chapter 3 it was shown that Pk could be continuous at a point
where the trajectory leaves a state-variable constraint boundary.
Therefore, each of the N problems has initial and terminal
boundary conditions while none have intermediate boundary
conditions. Without loss of generality, the following discussion
can be restricted to a problem with no intermediate boundary
conditions. The procedures for calculating changes 1in P(to)

in the "reduced" problem will carry over to the case of N

problems in series, containing N sets of initial values

)

P(tJ—l s

(3 = 1,2,..., N).



4,1 The perturbation method for inequality-constrained

problems.
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For the "reduced" problem of the previous section the

following relationships

expressed by Inequality

(1) Equations of motion.

% = H] =

-P = H§ =
where M and U are

0 =

0 = H =
on tOgtgtN.

(2) Boundary conditions.

M, C,(X,U,t), (4 =

hold, in addition to the condition

(3.43).

F(X,U,t)
T T T
QX + FXP + CXM

determined from

1,2,..., r)

T T T
QU + FUP + CUM

t is known and

0

X(to) = X

o}

L(X(ty),ty) = 0

(4. 1)

(4.2)

(4.3)

(4. 4)

(4.5)

(4.6)



P (ty) = Ry () (4.7)

. T, _ o
Rt(tN) + h(tN) + M (tN)ZZ(tN) =0 (4.8)

where
R = G(X(t,),t.) + viL(X(t.),b.)
N°°*"N N °°N
T T .
H = Q(X,U,t) + P F(X,U,t) + M C(X,U,t)
0 =22 + C(X,U,t)
L dis an &-dimensional vector. It has been assumed
that tN is unknown.
The terminal conditions, Equation (4.6), represent
2 algebraic equations in the n+l unknowns Xl(tN),X;(tN),oo,,

Xn(tN),tN. Assume that these equations are independent in the

sense that the #x(n+l) matrix

Q)IQJ
>

&2
—

evaluated at t = tN’ is of rank &. Then & of the variables
X13X05004, Xn’tN can be found in terms of the remaining n+l-2
variables, [1]. For notational convenience, assume that
XysXoseony Xz are found in terms of X2+1’X£+2"’”’ Xn’tN° Thus,
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for

1= 1,2,..., &

=
1]

g+1,242,..., n

and therefore the &x2 matrix

aLi
‘3—5(—. i,j=l,2,,..,ﬁ
J

is nonsingular, [1]. It should be noted that if the Ffunctions
Yi are readily obtainable then the terminal conditions can be
taken as Li =X - Yi(Xk,tN)
[aLi/an] is the x4 identity matrix.

and therefore, the matrix

Equation (4.7) can be rewritten as

3G L BLJ.
- . - '
Pl aX + ,Z 9 X. \)J > 1 132300’3 L (u.7 a)
i j=1""1
3G L L.
Po= o= + ] =% v, ; k= 2+41,842,..., n . (4.7'p)
k an J=l an J

The multipliers Vs can be determined from Equation (4.7'a)

since the 2xf matrix [aLj/BXi] is nonsingular. Thus,

\)J, = vj(xa’PB’tN)
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for
B’J = 132’ 3 2’
o = 1,2, s N
Since Vj is a function of X:,X5,..., Xn’ Pi+y,Py,y.u.., Pz’tN
then Equation (4.7'b) can be expressed as
Pk = Yk(tN,Xj,Pi)
for
i=1,2, , £
k = 2+1,2+2,..., n
g = 1,2, , N
Then at t = tN the following terminal conditions hold:
= = 1
Ly = Ly (X(t),ty) = 0 (L.6'a)
= - '
Jk = Pk - Yk(tN,Xj,Pi) 0 (4.6'b)

for
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i=1,2,..., &
k = g+1,242,..., n

J=1,2,..., n

Thus X X

L+1° [ R IS Xn,PlsP23°°°s P

. are unspecified at the

) 1s substituted into

terminal time ¢ tN‘

N 1r \)J. = \)j(Xoa’P

Equation (4.8), the resulting expression is

i’

s = %% +g(X_,Py,ty) + H + MTz2 = 0 (4.81)
where
g aL,
g(X sPyuty) = jgl 525 (X5 Pyt
a = 1,2, s N

The procedure to be followed in solving the boundary
value problem is as follows. Let P(to) and tN be estimated
values of the initial Lagrange multipliers and the terminal
time, respectively. Equations (4.1) and (4.2) are integrated
from t, to ty» with Initial Conditions (4.5) anad P(to).
During the integration process, M and U are calculated from
Equations (4.3) and (4.4). At ty Eaquations (4.6') and (L4.87)
will generally not be satisfied. A trajectory (X,P,U,M,t) with
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these properties will be called a nominal frajectory. Desired
changes in Equations (4.6') and (4.8') must be related to
changes in ty eand P(to) so that a new nominal trajectory
can be obtained. This new trajectory is required to satisfy,
more closely, the terminal conditions at t,. + At

N N

the present nominal at tN’ A smaller terminal error norm will

than did

indicate this event.

Consider a perturbed trajectory which is "close" to
the nominal. The perturbed trajectory (X+x,P+p,U+u,M+u,t)
will be used to obtain the information needed to generate the
new nominal. Since the present nominal trajectory is
(X,P,U,M,t), it is necessary only to find (x,p,u,u,t). Replace
X by X+x, P by P+p, etc. in Equations (4.1) through (4.4).
Expand each of‘the terms in the resulting equations in a Taylor
series about the nominal trajectory (X,P,U,M,t), for each value
of t, and retain only the first order terms. The resulting

linearized equations of perturbed motion are

X = (

k = Hpyx + Hpju (4.9)

: T 4.10

P = - Hyyx - HXPp - Hyyu = Cyu (4.10)

0 =H.u+ H.,x +H p+CTu (4.11)
uu UX Uup U :

BCi aci
0 = uici + Mi EY— X + Yl u (M.12)
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where
i=1,2,..., p

The solution of the preceding system of equations is called the

linearized trajectory. The quantities

oC.

1
HPX’CX’ -a—X—— > etc.

are evaluated on the nominal trajectory.
Examination of Equation (4.12) shows that

(1) ir C; =0 (Mi > 0) then

(2) irf C; <0 (Mi = 0) then

This will mean that the linearized trajectory enters and leaves

the boundary of a linearized constraint,
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at the same times as the nominal trajectory enters and leaves
Ci = 0. Thus, the perturbed trajectory (X+x,P+p,U+u,Mtu,t)
is forced to travel parallel to (either above or below) a constraint
boundary (Ci = 0), between the times that the nominal is on the
boundary. Although the perturbed trajectory represents an
approximation to a new nominal, this does not imply that
successive nominal trajectories necessarily have the same entering-
and exiting-corner times.

The gquantities u and u must now be obtained in
terms of x and p. Let us suppose that r; of the constraints
C, are simultaneously zero at time t. Form the rj-dimensional

1

vectors E and n: the components of E and n are

BCi BCi
_ k k
By = 3% ** S5 ¢
N = uik
if ¢, =0 for k=1,2,..., r;. (If C, < 0 then wu, = 0.)
ik J J
The terms Ciu and C%u, in Equations (4.10) and (4.11), are
therefore
T T
CXu = Exn (4.13)

oL, = Egn (4.14)
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and furthermore,
E(x,u,t) = 0 . (4.15)

On substituting Equation (4.14) into Equation (4.11) and re-

calling that H is a positive definite matrix, the relation

[819]

for u can be determined as
u=-HZYH x + H p + Ein] (4.16)
Ut ux upP uhd o :

Since each component of E is linear in x and in u, Equation

(4.15) may be rewritten as
E = (EX)X + (Eu)u = 0 . (4,17)

Substituting Equation (4.16) into Equation (4.17) and solving
for the terms in n 1leads to
1

-1 -
wHythux)® - (B HgHyplp - (4.18)

1T,
(EuI_IUUEu)n - (Ex_E

Recall from Chapter 3 that whenever r; inequality constraints

are simultaneously zero, the r;xm matrix

9C,
k
an (4.19)




has rank r;, where Ci =

k

[N
I}

But the matrix given in (4.
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O’

132: s I

1,2, , I

19) is Eu To prove that the

ryxr; matrix multiplying n in Equation (4.18) is nonsingular,
let y Dbe an arbitrary, nonzero r;-dimensional vector. Then

T -1.T\. _ , T “1y,T\ _ T, -1

y (EuHUUEu)y = (y Eu)(HUU)(EuY) = WiHygW 2 0 (4.20)
since if Hyy 1s positive definite, so is HjL. Since the
matrix Eu is of rank r; and y 1is nonzero, ESy = W#O,
strict inequality holds in (4,20). Therefore, the matrix

-1.T
EuHUU u

in Equation (4.,18) gives

3
]

where

=
il

E is positive definite and can be inverted.

Solving for n

S_l[Ax + Bp] (4.21)
-1_T
EuHUUEu (4.22)
E -E H-+H (4.23)
X “u UUUx :
= -E H'lH (4.2
u UU UP )



Equation (4.16) can now be written as

_ -1 T,-1 T.~-1
u = HUU[(HUX+ EuS A)x + (HUP + EuS B)p]

63

(4.25)

On substituting Equation (4.13) into Equation (4.10)

and then substituting Equations (4.21) and (4.25) into Equations

(4.9) and (4.10), the resulting equations are

where D; = A; + B'S™A

_ -1
and Ay = Hpy = HpyHygHyy
A, = -H H"lH
2 = ~HpyHyuHyp

. -1
hs = ~Hyy + Hyglypiyx

(4.

(b,

(b.

(4.

(4.

(4.

(4

(4

26)

27)

28)

29)

30)

31)

-32)

+33)



Since the matrices D;, D, and D3 are evaluated along the nominal
trajectory, they are functions of t. At time t, 1if

Ci <0 (for i =1,2,..., r) then the terms in A,B, and S do not
appear in Equations (4.28), (4.29) and (4.30). Furthermore,
Equations (4.31), (4.32) and (4.33) will not contain any terms

or C because M 1s zero. In this case the

X U2
D-matrices reduce to the matrices given by Breakwell et al. [8]

involving C

for an unconstrained problem. Hence, the D-matrices of

Equations (4.26) and (4.27) are generalizations of those obtained

by Breakwell. Equations (4.26) and (4.27) are the differential

equations which govern the linear perturbations. Boundary

conditions for Equations (4.26) and (4.27) must now be found.
Recall that the terminal conditions are generally

not satisfied on the nominal trajectory:

Ly = Ly(X,,5y) # 0
T = P = T (b X Py # 0
s = 20 4 (X, ,P.,t.) + H + M Z240
3t g2
for 1=1,2,..., 2

C
1l
—
-
no
“
v
o]



Let

[, ] B
1 L+1
L, J2+2
L = . and J =
L J
L % _J L n -

On replacing X by X+AX, P by P+AP, t,, by t.+At etec. in

N N N?
the equations for L, J and 8, expanding the resulting
expressions in a Taylor series about the terminal values

associated with the nominal trajectory and then retaining only

the first order terms, the linearized terminal conditions are

obtained:
AL = (LX)AX + (L )ty
AT = (JX)AX + (JP)AP + (Jt)AtN
As = (SX)AX + (sP)AP + (st)AtN
The terms in parentheses are evaluated at t... The subscripts

N
denote partial differentiation with respect to the subscript

varlable. Some terms in the third equation have been omitted

because they are zero on the nominal trajectory. Using the
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relationships

AX = x + XAt

]

AP

p + PAtN

in the equations for AL, AJ and As, the following equations

can be determined:

AL = (Ly)x + (D)aty (4.34)
AT = (T)x + (Tp)p + (J)aty (4.35)
bs = (sy)x + (sp)p + (é)AtN (4.36)
where
L= LyX+ L,

Jd = JXX + JPP + Jt

0.
1]

sXX + s, P + s
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Recall that n-&t of the Xj are free at the terminal
time, in addition to & of the ch Thus, if Xi(i=£+l,..., n)
and Pj(j=l,2,..a, 2) are free at the terminal time, the
quantities AXi and APj can form the n-dimensional vector f.
Equations (4.34), (4.35) and (4.36) can be solved for X,p and
At in terms of f, AL, AJ and As. Let the solution be

N

eXpressed as

x(ty) K12 (Ey) SPNIT Ky3(ty) £
pley) | =] Kb Kyo(oy)  Kyg(ey) || av (4.37)
AtN K3l(tN) K32(tN) K33(tN) As

where

Kll’ K12’ K21 and K22 are nxn matrices; K3l’
T T ; . . .
K32, K13 and K23 are 1xn matrices; K33 is a scalar; and
L AL
y = implying AV =
J AJ
The equations for x(tN) and p(tN) in Equation (4.37)
represent the required boundary conditions at t for the

N
differential equations given by Equations (4.26) and (4.27). The

boundary conditions are given in terms of the desired changes in
the terminal conditions. Relating Equations (L4.37) through

Equations (4.26) and (4.27) to changes in P(to) and changes



in tN must now be accomplished.

Equations (4.26) and (4.27) may be written as

dt P ID3 —IDl p

Equation (4.37) is equivalent to

x(ty) Kip () Kty K130ty f
- AY (4.39)
p(ty) Koy (ty) Koo (ty) Kog(ty) || as

and

At =K3l(tN)f + K, (¢t

N N)Aw + K33(tN)As° (L.b4o)

32
Two methods for the solution of Equation (4.38) will
be given. Both methods utilize the properties of a system of
linear first order ordinary differential equations. The
essential feature of each method is the generation of a matrix
whose columns are solutions of Equation (4.38). Either method
can form part of a computer algorithm. Each algorithm contains
(1) the integration of Equations (4.1) and (4.2) from tg to ty,
with U and M calculated from Equations (4.3) and (4.4),

and (2) the application of one of the following methods.

68
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4,2 Method 1.

Let the 2nx2n matrix 6(t) be a fundamental matrix
for Equation (4.38), [11]. On expressing o(t) in block form,

x(t) and p(t) can be obtained:

x(t) 0,,(t) o,,(t) x(ty)
- 11 12 N (4. 41)
p(t) 6,,(t) 0,,(8) | [p(ty)
where
Oll(tN) = 622<tN) = 1 , the nxn identity matrix,
@12(tN) = e2l(tN) = 0 , the nxn null matrix.
On substituting Equation (4.39) into Equation (4.41) and
setting t = tys the linear perturbations at tO are determined.
Thus,
x(t,) K. (t,) K. ,(t,) K,o(ty) f
0 _ 1170 1270 1370 AY (4.42)
p(ty) Ky (tg) Kop(tg) Kyg(ty)||as
where

K13(80) = 0 (B Ky (b)) + 09, (850K, ()

Koy (tg) = 05 (Ep)K () + 05 (850K, ()
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J = 1,2,3

Since X(to) is known, x(to) = 0, and Equation (4.42)

reduces to
0 = Kll(to)f + Kl2(tO)Aw + Klg(tO)As (4.43)
p(ty) = K21(to)f t Ko, (tg)ay + K23(tO)AS (4. 4y)

The unknowns in Equations (4.43) and (4.44) are f and p(to).

If Kll(to) is nonsingular, f can be determined from Equation

(4.43), p(to) found from Equation (4.44) and Aty calculated

from Equation (4.40). (The matrix K..(t is related to the

11 O)

conditions for a conjugate point. The test for conjugate

points is given in Section 4.4.) Supposing that Kll(to) is

nonsingular, then

p(tO) = wllAw + wl2As

At

W, AY + W, . A8

where

=
1

-1
11 = Kop(tg) = Koy ()[R (8g) 17K 5 ()

-1



~ _1
21 = K3olty) = K3 () [K 1 (8]

=
I

Kio(tg)

1

w22 = K33(tN) - K3l(tN)[Kll(tO)] Kl3(t0)

The values of AY¥ and As are determined by

AY = —qV¥(t and

N) ?

As = -Bs(ty) ,

where ¥ and s are evaluated on the nominal trajectory. The
factors o and B are scaling constants, O<a, B < 1. They are
chosen so that Hp(tO)H and |Aty,l will not be too large. The
magnitudes of p(to) and ty @are required to be small in order
that the perturbed trajectory will remain "close" to the nominal
trajectory. The appropriate choice for the values of o and B8
must be determined empirically.

O) and t, are formed as follows:
P(t0)+p(t0) replaces P(to), and tN+AtN replaces tNﬂ With

these new values, the iterative zycle is repeated by finding a

The new values of P(t

new nominal trajectory. The new nominal should yield a smaller
terminal-constraint error than the previous nominal. The
iterative process may be stopped whenever the terminal errors,
| ¥ | and |s| , are small enough so that the current nominal

trajectory may be accepted as the optimal trajectory.
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4.3 Method 2.

Let the matrix

o3(t) ¢q1(t)
¢, (t) o, (t)
be a fundamental matrix for Equation (4.38). A solution of

Equation (4.38) is given by

x(t) o3(t) o, (t) X(to)
= (4.45)
p(t) o, (t) o, (t) p(to)
with

@3(to) = @2(t0) = 1 , the nxn identity matrix

@1(t0) = Q“(to) 0 , the nxn null matrix

Since x(to) = 0, Equation (4.45) reduces to
x(t) [Ql(t)p(to):,
and therefore part of the fundamental matrix, namely

¢53(t) . .

need not be determined.

X H
o, (t)
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At t o=ty

x(ty) o1 (t))p(ty)
p(ty) 02 (6 )p(t )

But Equation (4.39) gives x(t..) and p(tN) in terms of f,

N
AY and As. Equating Equation (L4.46) to Equation (4.39) and
rearranging terms so that the unknowns, f and p(to), are on

the same side of the new equation, gives

,:Kll(tN) —<I>1(tN)] ,:f J _ [:—Klz(tN)AW—KlS(tN)Asjl iy
K2l<tN) —¢2(tN) p(to) —K22(tN)AW—K23(tN)As
where AY and As are —aW(tN) and —Bs(tN) respectively. If

the matrix on the left hand side of Equation (4.47) is nonsingular,

N

determined; then the new values of P(to) and tN can be formed

f and p(to) can be found; from Equation (4.40) at can be

in the same way as in Method 1. If the matrix is singular, the
generalized matrix inverse [12] can be used to solve Equation
(4.47). This is done in the following manner. Let the linear
system given in Equation (4,47) be represented by Qy = b

Since the matrix @ 1s singular, there is not a unique solution
y. The generalized inverse of @, Q+, is found, [12]. The
solution accepted is § = Q+b . This solution represents the
best approximation to 1y, in the least squares sense. In either

case (@ singular or nonsingular), the stopping criterion for

the iterative process is exactly the same as that of Method 1.
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One practical advantage of Method 2 over Method 1l is
the smaller number of different initial conditions which must
be integrated to form the matrix used in finding f and p(to)o
Method 1 requires the integration of 2n initial conditions,
With Method 2 requiring only n initial conditions, n initial
conditions for each iteration cycle need not be integrated. The
amount of computer time is reduced by half. A disadvantage of
Method 2 is the possible singularity of the matrix in Equation
(4.47). Use of the generalized matrix inverse may appreciably
lower the rate of convergence so that the total amount of computer
time becomes greater than that required by Method 1. To
determine the more efficient Method one can obtain the convergence
rates by several test computer runs.

This procedure, Method 2, is similar to the one given

by Breakwell et al. [8] for unconstrained problems.

4.4 Testing for conjugate points.

Recall, from Section 3.6, the conjecture on the procedure
of Breakwell and Ho [7] for determining the existence of points
conjugate to the terminal time. It was conjectured that their
procedure was applicable to problems with inequality constraints,
provided modifications were made to account for the effect of the

constraints. The matrix which is to be tested is

Kll(t) = ell(t)Kll(tND + @12(t>K21(tN>
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where Kll(tN) and K2l(tN) are defined by Equation (4.37);

ell(t) and 612(t) are defined by Equation (4.,41). Now,
in an inequality-constrained problem the effects of the

constraints influence Oll(t) and 0.,(t) because these two

12
matrices are part of a fundamental matrix for Equation (4,38).

If the constraints were absent then t) reduces to the matrix

Kpp(

considered by Breakwell and Ho. Thus, (t) 1is the matrix

Kll
to be examined for the case of inequality-constrained problems
(see Section 3.6).

A different procedure is used to determine the existence

of points conjugate to the initial time, to. Consider AV for a
trajectory in which &'V = 0, Hyy 1s positive definite, p = p = 0
and u = 0. The terminal time is considered to be fixed. Then
1 1-.T tN
= SNy = =
AV = 56"V 2[x RXXX]tN +-~/.w(x,u,t)dt (4.48)
tO
where
1.7 T 1.7
= = = 4
w(x,u,t) X HyyX + X Hygu + U Hpu (h.49)

The following conditions are imposed on x and u:

x = H
X PXX + HPUu

x(to) =0
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x(tN) = Db , Db is unspecified

¢, < 0 i=1,2, s, I
where c, <0 1if C, <O
i i
(o) + (55
Ci = 'BT X + FU— u =20 if Ci = 0
or zi + c; = 0 . Form the functional by adjoining the above

relationships to AV; then find §'x by the same procedure

employed in Chapter 3. (x is an extremum when 'y = 0.)

sty = [(XTRXX -l s Tysx) + (X—b)T(GK)]tN
tN !
+ f{(wx + )\THPX + pTCX + }'\T)(GX)
%y T T

+(wu + A HPU + p Cu)(éu)

+(H. ., x + HP u - i)T(GA)

PX 8]

r
t(c+22)T(6p) + 27 0,2, (62 ,)}dt
i=1

1=

On setting 6'x = 0, the following conditions are obtained:

T T T _
[(x RXX - A+« )(6x)]tN =0

X(tN)

|
o



7

X = HPXX + HPUu (4.50)

A= -H,.x - H, u - H._A - cT (4.51)
XX XU XP x? e

0O =H_u+ H..x + H__\ + cT (4.52)
Uy UX UP uf .

0 = PiZs (1 =1,2,..., r) (4.53)

By an argument similar to that .used in Section 4.1, the following

differential equation is obtained:

NS

where the D-matrices are defined in Equations (4.28), (4.29)
and (4,30). Furthermore u is given by an equation of the same
form as Equation (4.25). Using this equation, replace u in

the expression for w(x,u,t) to give

= -3 x'D3x - 227D,)
Now
%(KTX) = iTx + ATX = (merl; - ATml)x + )\T(]Dlx + Do)

XT1D3X + )\TIDZ A



since Dy 1is a symmetric matrix, Thus,
_ 1 d T
W = - 5 EE(X x)
and therefore

AV

]
m
N
~

=
=
<
<
>
—J
o
=
i
POf
Q- 2
&e
>
=
>
p—
o
ot

1T T
= §[X RXXX - A X]tN

since x(to) 0. Define the matrices ¢,(t)

Section 4.3. Since x(to) = 0

>

X(t) ‘I>1(t)>\0

A(E) = ey (t),
with Ao = Aalty)
@1(to) = 0 , nxn null matrix

@2(t0) = I , nxn identity matrix

Then AV can be written as

and

o,(t)

as in

78
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av 1

5 2Ll (8 Ryy01 () = 83 (E)0,1 (80 Tn,

Define the matrix 1 as
_ T T
I = @1(tN)RXX®1(tN) - @2(tN)¢1(tN)

Thus

Now the term @?(tN)Rxxél(tN) is symmetric. The matrices

¢;(t) and ¢,(t) satisfy the differential equations

&)1 = ]]21<I>1 + I])2<1>2

and therefore the matrix @E@l satisfies the differential equation
a,. T T T d T
R(QZQI) = @1]])3@1 + (Dzmzq)z = a%'(@l@z)

Therefore @?@1 is symmetric. Thus, the matrix 1 has real
eigenvalues, Finally, AV > 0 for arbitrary Ag70 1f the
real, symmetric matrix 1 1is positive definite. If 1 has

negative eigenvalues then there exists a XO such that aV < 0



and thus there is a conjugate point on the trajectory. The test
for the existence of points conjugate to the initial time

tO is reduced to determining if the real, symmetric matrix I
i1s positive definite,

It should be noted that any segment of an optimum
trajectory must also be optimum. Hence, the above procedure must
also apply to each ¢t., tO < t; < tN > Wwith t. replacing tO
as the initial time,

In this chapter computational algorithms, based on a
perturbation method, were devised for inequality-constrained
optimization problems. Testing the algorithms is accomplished
by the numerical solution of a constrained nonlinear problem.

The chosen problem and the numerical results are presented in

Chapter 5.
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CHAPTER 5

NUMERICAL SOLUTION OF A
CONSTRAINED NONLINEAR PROBLEM

5.1 The constrained nonlinear problem.

A nonlinear problem originally studied by Fowler [20]
was selected to test the algorithms of Chapter 4. The problem,
a minimum time low-thrust Earth-Mars transfer at constant
mass-flow rate, was modified by introducing inequality constraints.
A brief discussion of the original problem appears in
Appendix A.

Considered as a nonlinear optimization problem with

inequality constraints, the modified problem can be stated as

follows. Select Us(t) and U,(t), OststN , SO0 as to
minimize the functional
ro= Uty (5.1)
subject to the differential equatiocns
iy = _ YX)_* U'oUZ )
Xy + l—U;tECOSU?COSU*] (5.2)
': X U‘U’) - o - ;
Xy Ypi + l—U@E[COSU551nU“j (5.3)
: X U. U~ . .
X3 = - Ypi + l—UE%LSang] (5.4)



82

X. = X- (5.5)
).(5 = Xz (506)
Xe = X3 (5.7)

where 2 = X2 + X2 + X2 , U; and U, are constants (they are

B and |c| in Appendix A); the terminal conditions
Ly = X, - Yi(tN) =0 (5.8)
for i =1,2,3,4,5,6 (where Yi(tN) can be determined from

Equation (A.13) in Appendix A); the inequality constraints

cC, = U2 - a% < 0 (5.9)

C, = (Uy - a,)" - a§ <0 (5.10)

where a;, a, and as are constants; and the initial conditions
are given by Equations (A.14) through {A.19) in Appendix A, for
X1(0) to Xg(0) respectively. For this problem, m = 2, n = 6,

2 = 6 and ¥ = L. The variational Hamiltonian for the inequality-

constrained problem is



As neither

multipliers,

Py

Ps
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_ 1y Ui Uy |
[ .t TouecosUscosU, ]

X U4U .
+ Po[- X i + 1_&l€cosU331nU4]

X U,U
+ Po[- Y26 4 L=25inU, ]
3 3 1-Ujt 3-

+

PgX]_ + P5X2 + P6X3

+ M 03 - a3] + Mp[(U, - a)” - a2] . (5.11)

nor C, explicitly contains X, the Lagrange

K? will satisfy tne differential equations

- P, (5.12)

- Ps (5,13)
- Pg (5.14)

X P, + bX., (5.15)
3

P

L P, + bXs (5.16)
p3

X Py o+ bXg (5.17)



where

b= - 3Y [PX, + PyXs + PyXg]
5
p

The boundary conditions that

P(tN) = v

P must satisfy are

T -
Ul + v Lt(tN) + H(tN) = 0

where v is unknown.

by

sinUjy

cosUjy

sinUy, =

cosUy

The multipliers

My

_P3

2 2 2
Aw/Pl + PZ + P2

2 2
P1+P2

2 2 2

-Ps

3

2 2
!/Pl +P2

and M,

are calculated from
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(5.18)

(5.19)

(5.20)

The optimal unconstrained controls are given

(5.21)

(5.22)

(5.23)

(5.24)



—~

1{ U,U 1 . . .
5(1:67%—> T [(PycosU, + PpsinUy)sinUs - PscosUsl; if C; = O

Ml = < (5-25)

(05 if Cy <0

—

1 [ U;Uo)/cosUsg . L _
> (l—Ult)(Uq—al) [P]_Sll’lU]+ - PzCOSUq], if Cz = 0

M2 = < (5.26)

0 ; if Cp, < O

e

By Inequality (3.46), M; > 0 and M, > 0 . The second partial

derivatives of H are given below.

XX -
0 Hyy (5.27)

Each block in Equation (5.27) is a 3x3 matrix.

g
!

-
32H 3 2H 32H
aX2 89X, 3Xs 3X,03Xg

o= N 3°H 32H
XX N 2
~ BXS 3X53X6
N
N 3 2H




The elements of HXX are
2
378 _ 3y X,P, 5 - X322 _ b
ax(]Z. p5 Jd J J J
(j = 4,5,6)

o7H - 3vx p, . - x.20
anBXJ. 05 k" j-3 Jan

(k = U, j=5,6;k=5,3=6)

where b 1is given by Equation (5.18).

[O I:|
H =

XP =

HXP 0

Each block in Equation (5.30) is a 3x3 matrix.

3°%H 32H 3 %H

80X, 9P, dXy3dP, 9X,3P3
N

- N 32H 32H

XP ~ 3X53P2 3X53P3
N
~
N
N

\ 3°%H

symmetric N 0XgoP3
The elements of H are given by

XP
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(5.28)

(5.29)

(5.30)
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X+ 3 x2 (5 = 4,5,6) (5.31)
3%, 0P, > 225 ‘
3 -3 p3 p5 J
92H  _ 3y X, X (k = 4, 3 =5,6)
) I A > > (5.32)
(k =5, J =6)
The 6x2 matrix Hyy 1is identically zero.
Hyy = 0 (5.33)
The 2x2 matrix HUU is given by
32H 32H
202 30380,
Hyy = (5.34)
92%H 3%H
9Ug0Uy BU%
where
926 _ _ (UyU ( +Posiny : 5
o T%ﬁfg)[ PycosU,+P,s1inU, )cosUs+P3sinUs] + 2M, (5.35)
3
32H U . .
aUaaUH= (1_%?% )[P1sinU,-PocosUy ]sinUs (5.36)
32H _ U,U .
— = —(i:%T%—)[Plcoqu+P251nUu]cosU3 + 2M, (5.37)

3UZ



The 6x2

matrix

Hpy ={

where each block is a

with

s |
1

PU ~

32H
9P 00U,

32H
9P,0U4

32H
9P30U4

3 2H
3P13U1+

U

= (-91Uz
1-U;t

U,0

U

U;0

HPU is given by
HPU]
0
3x2 matrix, and
32H 32H
3P13U3 aPlaUq
32H 3 2H
3P,03U3 0P,3Uy
32H 2%H
aP30U; 0P 33Uy
U0, .
= _ (T:UTf—)SanacOSU”

(l—éf%—)sinU3sinU4
-Vl

)cosUs,

= - (IiﬁT%_>COSU3SinU“
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(5.38)

(5.39)

(5.40)

(5.41)

(5.42)



are given
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32H U,0,

37,00, - <1—U1t )cosUgcosU, (5.43)
932H  _

5P550, = O (5.44)

The D-matrices, Equations (4.28), (4.29) and (4.30),

at time t for the four possible cases, as follows.

0 and Cy, < 0 . With M; = M, = 0, it follows that

Dy = Hpy

Dy = -HpyWoHyp ’ (5.45)
D3 = -Hyy

- Hyp-

0 and C,; < 0. Here M, = 0 but M; > 0. Let

E = (2U3)us, where Uz 1is the value obtained from C; = 0; then

(=]
I

[2U3, O]

Equations (4.21), (4.22) and (4.23) then can be determined as

and HUX = 0)



o]
n
1

-1 _
where HUU =

Then the D-matrices

ID3=

where the 2x2 matr

Wl=

(@)

(3) C1<0 and C,=0.

D-matrices are

[2U; , O]H:im

vulup
[hll hlz]
hio hyo
are
-
Hpx
= ~HpyWilHyp f
—Hyx

ix Wp; 1is
0
p2H |77
2
Uy,

For this case M;=0

and M,>0.

The

(5.46)



IDl = HPX
D2 = —Hpyly Hyp
D3 = -Hyy

where the 2x2 matrix W, is

(4) €y =0 and C, = 0.
Both multipliers, M;

matrices are

PX
b, = —HPUW3HUP

Where W3 = 0,

2y -1 n
(_@_I;_ 0

and

M,

S

,» may be non-zero.
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(5.47)

The

(5.48)



For each of the four cases, only D, is changed. In

fact the expression for D, can be written as

Dy = ~Hy W Hp

-1
where Wi may be HUU

(3) or (4) respectively.

, Wy , Wy , or W3 for cases (1), (2),

The linearized boundary conditions at t.. are

Iy

a¥ o= x + (X - Dty

As = (HX)X + (HP)p - (Y")ap
> T.Y,,; Ty D _
+ (Ht - PV + LXX + HPL)ALN
P = 8P - (P)at,

where the cuantities in parentheses are evaluated at tN'

Set £ equal to AP and solve for x, p and Atw
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terms of f, AY and As. The resulting solution is in the Fform of

Equation (4.37) with



K12 (%),

Kl 3(tN

Ko1(ty

Koo (ty

K31 (ty

K11 (ty)

)

)

)

)

)

)

K32(tN)

K33(ty)

I 1s the ©6x6 identity

;U‘l

Ky (ty) [(X-7) (X-)T)
I+ Kaa(ty) [(-1) (Hy) ]
~K33(6,) [ (X-¥)]

I+ Kys(t)[(B) (X-1)"]
K33 (ty) [(P) ()]
~K33(ty) [(P)]

K3 (6 [(X-1)T]
K33(t)) [(H,)]

T

ee e =1
(Ht—P Y+hXY)

matrix.

.2 Numerical experiments.

(5

(5.

(5.

(5.

(5.

(5.

(5.

(5.

(5.

For numerical solution, two computer programs were

written in FORTRAN-63 for the Control Data Corporation 1604

Computer at The University of Texas. Method 1

program while Method

D

<

was used in the second.

was used in one

In both progra

.49)

50)

51)

52)

53)

54)

55)

56)

57)

ms



the numerical integrations were carried out using an Adams
Predictor-Corrector Procedure (predictor truncation error
0(h®); corrector truncation error O(h®); where h is the
step-size) with a Runge-Kutta starter (truncation error

0(h®) ) and with partial double-precision arithmetic. Previous
experience with the systems of differential equations for this
Farth-Mars transfer problem has shown that a step--size of
approximately 1 day was sufficient to control the growth of
round-off errors and truncation errors. The terminal time

was approximately 176 davs and therefore the stev-size was
determined by h = tN/176. Jatrix inversions and solutions to
linear algebraic systems were implemented by a Gaussian
Elimination method, with row pivioting, in double-precision
arithmetic. The first part of a study of low-thrust guldance
methods at The University of Texas [45] involved the generation
of an unconstrained trajectory for the problem in Section 5.1.

P(to) and ¢t for this trajectoryv were used as initial

N

approximations in order to check-out the computer programs.

Several constrained trajectories with different values

for the constants a;, a, and a3 in Inequalities (5.9) and

(5.10) were calculated using both Method 1 and Method 2.

Convergence to the same terminal error norm was achieved with the

same number of iterations for both methods. 0Of the two, Method
2 1s preferred hecause it required onlv half the computer time

needed by Method 1.
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For each trajectory the scaling factors o and B8
in AY = —aW(tN) and As = -Bs(tN) were fixed at a=8=1.

With these values of o and g, it was found that the methods
diverged whenever the constraint levels were lowered by too
great an amount. Consequently the following procedure was
adopted. The constants a: and a, in Inequality (5.10)

were only changed slightly between the different trajectories so
that the solution for one constrained problem served as a good
initial guess for the next problem. In this manner a series of
different constrained trajectories were quickly generated,

(see Table 1).

Some experimental results for five different constrained
trajectories are listed in Table 1. The bounds on the control
variables signify the minimum and maximum values which Uj; and
Uy could attain, when restricted by the constraints given by
Inequalities (5.9) and (5.10). Table 2 gives the terminal time,
ty» and the norms of the terminal errors, [¥|| and |s|, for each
iteration needed to obtain Trajectory 5. Comparison of the
initial and final values of the terminal error norms and the
number of iterations required, shows that the algorithms of
Chapter 4 provide a rapidly converging method for the solution

of constrained optimization problems.
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TABLE 2

CONVERGENCE DATA FOR TRAJECTORY 5

Iferation t Iy |l s |
0 175.56718| 1.80x107° |1.96x10"°
1 175.69711| 1.07x107° | 6.34x10~°
2 175.66993 | 3.74x1073 | 1.12x107°
3 175.73047 | 4.20x207" | 1.20x1077
4 175.73417| 8.02x107% | 5.05x10710
5 175.73421 | 3.71x1077 | 3.76x10710
6 175.73421 ] 7.17x1072 | 3.74x10712
7 175.73421 | 1.30x107%9 2. 06x107 23
8 175.73421 | 2.67x10" 11 5 O7x10‘14
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Figure 1 contains graphs of Uz and U, for the
unconstrained solution, Trajectory 1, and a constrained solution,
Trajectory 4. An interesting feature of Trajectory U4 is the
approximate "bang-bang" control for U,. Figure 2 is a graph
of the control variable U, for Trajectory 5, for Iterations
0 and 8.

Further numerical results appear in Reference 36.

Appendix B contains the description of a linear
problem with a second order state-variable inequality constraint.

The computational solution of this problem by Method 2 is given.
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CHAPTER 6

CONCLUSIONS

The problem of optimization of nonlinear systems
subject to inequality constraints has been investigated from
the viewpoint of producing an optimal trajectory. Two general
forms of inequality constraints were examined: C(X,U,t), which
explicitly involved the control, and S(X,t), the state-variable
constraint, which did not. It was shown that the control could
be readily determined so that the frajectory would not cross a
constraint boundary of the form C(X,U,t) = 0. On a state-
variable constraint boundary, S(X,t) = 0, the control was chosen
to satisfy d%9s/dat? = 0, where the g-th derivative of S 1is the
first one that explicitly contains the control. If the control
is chosen in this manner, the derivatives djS/dtj s J < a ,
must be zero at thé point where the trajectory enters the
boundary. Furthermore, the derivative dq—lS/dtq_1 must be
zero at the point where the trajectory leaves the boundary. Thus,
& state-variable constraint can be reduced to a constraint of the
form C(X,U,t), in addition to some intermediate boundary conditions.

A general problem involving inequality constraints,
C(X,U,t) < 0 , and intermediate boundary conditions was studied
to obtain the relationships which govern 1ts solution. It was
found that whenever o of the constraints were simultaneously
zero, then p < m , where m is the number of control variables,

Uj’ Furthermore, the pxm matrix, [aci /an], must be of full
k
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rank for Cik =0, k=1,2,..., p. It was found that the
Lagrange multiplier, P , which was used in the analysis, could
be discontinuous at the point where the trajectory entered a
state-variable constraint boundary, but could be continuous at
the point where the trajectory left the boundary. This 1s an
extension of the results of Bryson et al. [10] to the case of
more than one control and more than one state-variable inequality
constraint. Differential equations for the state X and the
multiplier P were obtained in terms of the partial derivatives
of a variational Hamiltonian, H =  + PTF + MTC. The optimum
control U and the multiplier M could be determined from a
set of algebraic equations, in terms of X, P and t.

The various conditions which the solution to an
inequality-constrained optimization problem must satisfy were
restated in the form of a two-point boundary value problem.

A new perturbation method for inequality-constrained problems

was devised to handle the two-point boundary value problem. This
method was based on the linearization of the differential

equations for X and P, the optimality conditions giving M

and U, and the terminal conditions, about a nominal trajectory,
then calculating changes in the initial conditions and the terminal
time so that the new nominal would more closely satisfy the terminal
conditions. The resulting computational algorithm provided a

rapidly converging procedure (if the initial approximation was

"sufficiently close") for systems which are required to satisfy
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inequality constraints, This was demonstrated in the numerical
experiments.
A simple test for the existence of points conjugate to

the initial time tO was derived in Chapter 4. No conjugate point

existed on the trajectory if a certain matrix was positive definite.

In an optimization or open-loop control problem the state
variables and the control variables are obtained as functions
of time: X = X(t) and U = U(t). The related problem, feedback
or closed-loop control, gives the control as a function of the
state: U = U(X). The major difficulty in closed-loop control is
to determine the entering- and exiting— corner times. McIntyre
[41], discussing the closed-loop control problem associated
with inequality-constrained systems, notes that near the corner
points one would have to resort to open-loop control. A feedback
control scheme based on the perturbation method of Chapter 4,
where changes in the corner times are neglected, would probably
give sufficiently accurate results. Further work on this topic

is required.
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APPENDIX A

A study of Earth-Mars transfer trajectories is important
because of the expected expeditions (manned or unmanned) to Mars
within the two decades following 1970. Some of the space vehicles
on these missions may be powered by low-thrust ion or plasma jet
engines. Such engines are characterized by low fuel consumption
and continuous thrusting capability. At a low-thrust level the
acceleration of the vehicle will be small and therefore the
thrust may be applied for most or all of the mission. For the
problem studied by Fowler [20], the thrust magnitude and the
mass—-flow rate were taken as constants. The mathematical model
is given below.

A low-thrust Earth-Mars trajectory is sought. The
vehicle is assumed to travel in an inverse square gravitational
field. The orbit of Mars is assumed to be an ellipse with an
eccentricity of e = 0.093393 and a semi-major axis of
a = 1.523691 AU (astronomical units). The orbit of Mars is
assumed to lie in an plane which is inclined to the ecliptic
at an angle of 1 = 0.032289 radians; see Figure Al. The equations
of motion which describe the transfer trajectory are expressed in
a heliocentric rectangular cartesian coordinate system whose
X-axis coincides with the line of ascending node for the Mars orbit.
The Y-axis lies in the Ecliptic plane and the Z-axis coincides
with the angular momentum vector of the earth with respect to the

sun. The coordinate system is shown in Figure Al.
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Considering the sun as a homogeneous, spherical body

with a gravitational potential given by

B = ym/r (A.1)

where r 1is the distance from the sun to the position of the
vehicle, m is the mass of the vehicle, and vy 1is the solar
gravitational constant (y = 0.000296007536 AU3/day2?), then the
motion of the vehicle in the gravitational field of the sun is

given by

mv = VB + T (A.2)

where v 1s the vehicle velocity vector, and T 1is the vehicle

thrust vector. The solar radiation forces and drag forces have

been neglected. The thrust, T, is given by

=
n

-gc (A.3)

where B8 1s the propellant mass-flow rate, and ¢ 1is the
effective propellant exhaust velocity relative to the vehicle.
The components of the thrust vector in the (X,Y,Z)-coordinate
system are specified by two thrust orientation angles, ¥ and

©, as shown in Figure A2. Letting (U,V,W) and (X,Y,Z) be the
velocity and position components respectively in the (X,Y,Z2)-

coordinate system, the equations of motion become
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U= - X, E-|-g-l—[cos®cos\l‘] (A.4)
rs m

vo= oYLy E—I-E-l—[cos@sul\if] (A.5)
r3 m

W= - l% + ﬁ%fl[31ne] (A.6)

X=u (A.7)

Y =V (A.8)

Z =W (A.9)

where r? = X2 + Y2 + 22 | and |c| 4is the magnitude

of c¢. The mass m satisfies the differential equation

m = -8 (A.10)
Since B is a constant,
m=m, - (t-t,)s . (A.11)

For the units chosen in the problem,



time is in days
position is in AU
speed 1s in AU/day

mass 1is in vehicle mass; and

mO = 1]

+
]

0 0 (12:00 noon, May 9, 1971)
B = 0.00108 vehicle mass/day

le| = 0.0453649854 AU/day

At t,: the argument of perihelion of Mars is o = 5.8541335
radians, and its eccentric anomaly is 4.250885 radians.

The position and velocity of Mars are computed by
finding the eccentric anomaly, E, as a function of t. The

eccentric anomaly is given by Kepler's equation,

E - esinE = [JL.Jl/g (t—to) + EO - esinEO (A.12)
a3
where e 1s the eccentricity of Mars' orbit,

EO is the eccentric anomaly at to,
vy 1s the solar gravitational constant, and

a 1is the semi-major axis of Mars' orbit.

With E known, X", Y" and Z" <can be calculated from



109

X" = a(cosE)
Y" = g Jl—ez(sinE)
7" = 0

where the (X",Y",Z")-coordinate system is shown in Figure Al.
The coordinate transformation from the (X",Y",Z")-system to the

(X,Y,Z)-system is given by the equation,

—

X . cosw ~sinuw 0 X"-ae
Y =| cosi(sinw) cosw(cosi) -sini y" (A.13)
l
I/ ! s8ini(sinw) sini(cosw) cosi A
L «

where « 1s the argument of perihelion of Mars, i 1is the angle
of inclination of Mars' orbital plane. The initial conditions

are

U(ty) = -0.0003455906 AU/day (A.14)
V(t,) = -0.0171986836 AU/day (A.15)
W(t,) = 0.0 AU/day (A.16)
X(ty) = =0.9998 AU | (A.17)
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Y(to) 0.02009 AU (A.18)

Z(to) 0.0 AU . (A.19)
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MARS' ORBITAL PLANE

FIGURE Al COORDINATE SYSTEMS
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p 3

FIGURE A2. THRUST VECTOR COMPONENTS



APPENDIX B

As an example, the computational procedure of Chapter 4
1s given for a state-variable inequality constraint. This problem
was first discussed by Bryson et al. [10].

The problem concerns the minimization of

1

1.2
J[ §U dt
0

subject to

and X1(0) = 1
X,(0) = 0
X;(1) = -1
Xo,(1) = 0O

The first derivative of S which explicitly contains the control
U 1is g = U. Thus, at the point t = t; , where the trajectory

meets the constraint boundary,
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Lgl) S

X, 0.1

1]
O

The variational Hamiltonian is

%UZ + PiU + P,X; 3 S <0

%UZ + PyU + PoX; +MS ;. S =0

The differential equations for the multipliers P; and P, are

Py = - D

?2=O

The boundary conditions at t; are given by Equations (3.21)

and (3.25);

Pr(th) = py(e]) - i)
Po(tT) = py(e]) - viP)
H(tT) = $PT(t]) = 0
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Thus at t = t; , Py (t7) = 0. Note that both P, and P, are
discontinuous at t;. The problem can be split into two segments;

one from O<t<t] and the other from tTgtgl.

Part 1. O<t<t]

The unknowns to be determined are P;(0) , P,(0) and

t;. The boundary conditions are
Lit) = x (67 = o
0§ = %,(¢7) - 0.1 = 0
Lgl) =P;(t7) =0

The linearized differential equations are

X1 = -Da

bl = -p2

p, = 0

so that



b,(t) =

The linearized terminal conditions are

- - _ - - -
x1(t7) -X1(t1) 1 0 0 P2
X, (t7) X, (%7) 0 1 0 Aty
- . - 1
pl(tl) —Pl(tl) 0 0 1 ALg )
Py (t7) 1 0 o o ol | anit)
SRS
so that the corrections 1p;(0) , p,(0) and At; are given by
the solution to
2
.- t 1
0 ~X1(t7) t -5 D2 an{d)
2 3
. - t T (1)
0 -X,(t7) i% -?} Aty -AL,
. - 1
0 ~P;(t7) -1 th p1(0) -AL§ :
1 0 0 -1 D, (0) 0
—_ p— — - L -




The computational procedure is the following:

(a) Guess P;(0) , P,(0) and t;

(b) Integrate the differential equations for
Xy 4 X0 Py , P, from O to ¢t;

(c) Compute ¢;(t7) and o,(t7)

(d) Calculate p;(0) , p,(0) and At

(e) Form new values of P;(0) , P,(0) and ¢t;

The unknowns to be determined are Pl(tT) and

Pz(tT). The boundary conditions are

+ +
Xl(tl) Xz(tl) = 0.1

]
(@)

{2 - x,(1) +1 =0

L$%) = x,(1) = o

On the boundary S = 0 (tjgts<t,) the linearized differential

equations are

).(1=O
kz = X1
b1 = -D2

bz =0
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so that
0 0
o,(t) =
0 0
|
1 t,-t
o,(t) =
0 1

For t>t, the linearized differential equations are

X, = -p1
Xy = X3
51 = -Pb2
Py = 0

and therefore

to-t v(t)
o(t) =
L—%(tz-t)z w(t)

v(t)

il

—%(tl—t)2 + %(tl—t2)2

w(t)

£t1-6)3 + 216,07 - F(t1-t,)2(2t,4t,)
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The linearized boundary conditions are

x,(1) = ant?)
Xz(l) = AL£2)
so that
£,-1 v()] Topreh ] [anf?
i
—%(tz—l)z W(l)v L pz(tt) Ang)

The computational procedure is similar to that of
Part 1: only need to estimate Pl(tT) and Pz(tT) since
£ty is known.

The optimum values are

P1(0) = 6.666666666
P,(0) = 22.22222222
P,(t]) = -8.888888888
Po(t]) = =P, (0)

t; = 0.3

t, = 0.7
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The optimum control is
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